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Abstract
We investigate tachyon dynamics with an inverse power-law potential V (ϕ)∝ ϕ−n. We find global attractors of the dynamics
leading to a dust behaviour for n > 2 and to an accelerating universe for 0 < n 2. We study linear cosmological perturbations
and we show that metric fluctuations are constant on large scales in both cases. In presence of an additional perfect fluid, the
tachyon with this potential behaves as dust or dark energy.
 2003 Published by Elsevier B.V.
PACS: 98.80.-k; 98.80.Cq
Open access under CC BY license.1. Introduction
Observations of the cosmic microwave background
[1] and of distant type Ia supernovas [2] indicate that
the universe has been accelerating its expansion rate
for the last 5–10 Gyr. Prime candidates for causing this
recent burst of expansion are a cosmological constant
and a scalar field [3,4] which, for reasons unknown
yet, started to dominate over the other types of matter
just at our cosmological era. A phase of accelerated
expansion driven by a scalar field (inflation) is also
the preferred theory for the early universe, since it
explains the homogeneity, flatness and the near-scale-
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Open access under CC BYinvariant spectrum of cosmological perturbations of
the Universe.
Most scalar models of accelerated expansion in-
volve canonical scalar field theories:
(1)LC =−√−g
[
1
2
∂µϕ∂µϕ + V (ϕ)
]
.
Another class of scalar field theory, which appeared
first as a certain field theory generalization of the
Lagrangian of a relativistic particle [7], is the Born–
Infeld theory:
(2)LBI =−√−g V (ϕ)
√
1+ ∂
µϕ∂µϕ
M4
.
Such a kind of scalar field was proposed in connection
with string theory, since it seems to represent a low-
energy effective theory of D-branes and open strings, license.
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[5–7]. Since the scalar field in the Lagrangian (2)
stands for the tachyon of string theory, that name was
also attached to the present scalar field.
In the next section we briefly review the dynamics
of the tachyon scalar field. In Section 3 we determine
the asymptotic tachyon-dominated backgrounds. In
Section 4 we consider inhomogeneous perturbations
in inflating and dust tachyon models. In Section 5 we
determine how the tachyon will behave in the presence
of another background fluid.
2. Dynamics of the tachyon
The equation of motion for the tachyon is:
−∇µ∂µϕ + ∇µ∂νϕ
M4 + ∂µϕ∂µϕ ∂
µϕ∂νϕ
(3)+M4(logV )ϕ = 0.
At the homogeneous level this becomes:
(4)ϕ¨
1− ϕ˙2/M4 + 3Hϕ˙+M
4(logV )ϕ = 0.
The energy and pressure densities of the tachyon are:
(5)ρT = V (ϕ)√
1− ϕ˙2/M4 ,
(6)pT =−V (ϕ)
√
1− ϕ˙
2
M4
.
The tachyon fluid is also characterized by the ratio
between pressure and energy (the equation of state) wt
and sound speed c2T :
(7)wT =−1+ ϕ˙
2
M4
, c2T =−wT .
Since the equation of state is necessarily nonpositive
because of the square root in the action (2), the
theory is stable—energy and pressure are real, and
inhomogeneous perturbations have a positive sound
speed. Moreover, because wT  0, the tachyon is a
natural candidate for dark energy and inflation.
Another interesting property is that the equation
of state and sound speed of tachyons are equal,
but with opposite signs, irrespective of the form for
the potential. Canonical scalar fields, on the other
hand, obey the Klein–Gordon equations, hence itsfluctuations have sound speed equal to unity (in units
where c = 1). Therefore, tachyon fluctuations are
fundamentally different from the fluctuations in a
canonical scalar field, irrespective of the shape of the
potential.
3. Tachyon-dominated backgrounds
First, we study the evolution of the tachyon as the
only component of the universe, i.e., we assume that
tachyons are the dominant component. The expansion
rate is then given only by the tachyon energy density
in Eq. (5):
(8)H 2 = 1
3M2Pl
V (ϕ)√
1− ϕ˙2/M4 ,
where M−2Pl = 8πG. Defining the new variables:
(9)y ≡ 1− ϕ˙
2
M4
=−wT ,
(10)x ≡ V (ϕ),
we can reduce the equation of motion (4) to the form:
(11)d lny
dx
= sign[ϕ˙]y−1/4√1− y h(x)+ 2
x
,
where
(12)h(x)≡ 2
√
3
MPlM2
V 1/2
V,ϕ
.
Let us assume now that the tachyon potential is an
inverse power-law of the tachyon field:
(13)V = m
4+n
ϕn
,
with n > 0 and also ϕ˙ > 0 (exotic initial conditions
could be concocted to produce ϕ˙ < 0 with these
potentials, but they are irrelevant to the asymptotic
behaviour of these models). The asymptotic behaviour
of this type of potential is in agreement with the spirit
of the original string-inspired proposal [5], in which
the rolling tachyon field describes the low-energy
sector for D-branes and open strings. Its potential
should go to zero at infinite values of the field, such
that in this asymptotic vacuum there would be no
D-branes, and thus no open strings. Originally the
potential was determined to be exponential [5]. The
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law ansatz for the potential by taking appropriately the
limit n→∞.
Assuming a potential of the form (13) we have:
(14)h(x)=−2
√
3
n
M−1Pl M
−2m(4+n)/nx−(2+n)/(2n),
which allows us to rewrite Eq. (11) as:
(15)d lny
dx
=−βy−1/4√1− y x−(2+n)/(2n) + 2
x
,
where the constant β = 2√3n−1M−1Pl M−2m(4+n)/n.
For n = 2 this equation admits an exact solution
with y = const [7,8]. This corresponds to a power-law
evolution of the scale factor a(t)= a0tp with:
(16)p = 1
3
(
1+
√
1+ 9
4
m12
M8M4Pl
)
,
(17)ϕ(t)=
√
2
3p
M2t .
For n = 2 the system (15) has an attractor as x→ 0
either at y = 0 (dust) or at y = 1 (quasi-de Sitter),
respectively, when n is greater or smaller than 2.
The dust solution close to the point (y→ 0, x→
0) can be calculated from Eq. (15) by assuming the
term inside the square root to be close to unity. We
then have the approximate solution when x→ 0:
(18)y  γ xs,
where
(19)s = 2(n− 2)
n
,
(20)γ = 9
16
m4(4+n)/n
M4PlM
8 .
The condition under which this solution satisfies the
assumption that y → 0 as x → 0 is that n > 2.
Therefore, for powers of the tachyon potential which
are bigger than 2, the late-time behaviour of the system
is that of a dust-dominated universe.2 In particular,
for n → ∞ the potential becomes exponential and
one obtains that the dust solution is approached
exponentially fast [10].
2 This result was independently found in [9]. We thank Prof.
Starobinsky for pointing this out to us.We now prove that this dust-like solution is stable.
A small fluctuation δy(x) around the solution (18),
using Eq. (15), obeys:
(21)d ln δy
dx
= 2n− 3
n
1
x
,
and therefore the deviation from the dust solution
decays as
(22)δy
y
∼ x1/n.
The quasi-de Sitter solution, for which y → 1 as
x→ 0, can be obtained by matching the terms in the
r.h.s. of Eq. (15), and then improving this solution. The
improved solution is:
y  1− M
2
PlM
4
3m6
(
x
m4
)−1+2/n
(23)×
[
1− 3n− 4
n
M2PlM
4
12m6
(
x
m4
)−1+2/n]
.
The first term decays when n < 2, which means that
this solution approaches de Sitter as x→ 0. The last
term in the solution above is a further correction
that decays even faster. Therefore, the quasi-de Sitter
solution is also stable against small fluctuations.
Since the type of acceleration one obtains is per-
haps of a peculiar sort, we explicitly derive it. From
Eq. (23) one obtains that ϕ˙ ∝ ϕ1−2/n, and substituting
this into Eq. (8) one obtains, for the leading term:
(24)H =H0
(
t
t0
)−n/(4−n)
,
and therefore
(25)a(t)= a0 exp
[(
t
t0
)(4−2n)/(4−n)]
.
For n→ 0 one obtains exact de Sitter with 3H 2 =
m4/M2Pl. Indeed, the limit n→ 0 corresponds to the
so-called Chaplygin gas [11], which develops into de
Sitter after a period of dust-like behaviour obtained
by appropriately handling initial conditions. For n→
2 one obtains from (25) a power-law expansion, in
agreement with the first case discussed in this section.
Therefore, for inverse power-law tachyon poten-
tials V ∼ ϕ−n, the asymptotic behaviour is very sim-
ple: a quasi-de Sitter spacetime if 0 < n< 2, a power-
law expansion if n = 2, or a dust-like Universe if
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power-law potential V (ϕ) = m4+nϕ−n . The dashed lines are con-
stant energy density surfaces.
n > 2. The asymptotic tachyon dynamics is summa-
rized in Fig. 1.
As already emphasized, a component with non-
positive pressure is interesting for inflation. Inflation
driven by a tachyon field has been promptly criticized
[12] since the effective 4D field theory derived from
string theory would lead to a too high scale of infla-
tion (related to m), and thus produce an unacceptable
background of stochastic gravitational waves. Hope-
fully future developments of string theory will help re-
solve this issue.
For negative values of n, the fate of the tachyon is
to oscillate around the minimum of the potential with
an averaged equation of state which is negative [10].
That the tachyon energy density ρT = x/√y is well
behaved at the minimum of the potential can be seen
from considering the solution y ∝ x2 which is found
by neglecting the first term in the r.h.s. of Eq. (15)
as x → 0. But if y ∝ x2, then the neglected term
goes as x−1−1/n, which means that it is subdominant
with respect to the second term when n < 0. However,
notice that by Eq. (3) small fluctuations of the tachyon
field have an effective mass squared equal to:
(26)m2eff =M4(lnV ),ϕϕ = n
M4
ϕ2
.
This means that for negative values of n the tachyon
field is unstable under small perturbations [10]. Here
we focus on positive values of n, for which the
fluctuations have a positive effective mass.
Since the tachyon energy density decays always
slower than that of dust, in the absence of a cosmolog-ical constant it is bound to eventually dominate over
the other components (matter and radiation), and it is
therefore a natural candidate for inflation and dark en-
ergy. Notice that tachyon fluctuations have a sound
speed equal to c2T = −wT , and hence have an in-
creased tendency to cluster on sub-Hubble scales com-
pared to standard quintessence [13]. However, if it is
to serve as a viable candidate for dark energy, it must
have been subdominant in the past. In the Section 5
we analyze the tachyon dynamics in the presence of a
perfect fluid-dominated background.
4. Cosmological perturbations
We discuss gravitational fluctuations for the case in
which tachyon is the only component of the universe.
Gravitational waves just feel the evolution of the scale
factor and in the long-wavelength limit the tensor
amplitude hk behave as:
(27)hk =Ak +Bk
∫
dt
a3
,
where Ak and Bk are functions of k. Besides the
constant mode Ak , the solution containing Bk is
decaying for the type of inflationary and dust solutions
discussed in this Letter.
Scalar metric fluctuations are described by the
Mukhanov variable v whose evolution is [14]
(28)v′′k +
(
c2T k
2 − z
′′
z
)
vk = 0,
where ′ denotes derivative with respect to the confor-
mal time (dη= dt/a), and [10]:
(29)z= a
√
ρT + pT
cT H
= a√3 MPl
M2
ϕ˙√
1− ϕ˙2/M4 .
The solution for vk in the long-wavelength limit is:
(30)vk = Ckz+Dkz
∫
dt
az2
,
where Ck and Dk are functions of k. The curvature
perturbation ζ ≡ v/z in the long-wavelength limit is
therefore:
(31)ζk = Ck +Dk
∫
dt
az2
.
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Dk is decaying for the type of inflationary and dust
solutions discussed in this Letter.
The curvature perturbation ζ remains constant
on large scales, even if the gauge invariant field
fluctuation δϕ = v/a can vary in time:
(32)δϕk ∝ ϕ˙
cT
.
More precisely, on large scales, tachyon fluctuations
decrease during the quasi-de Sitter regime and grow
in the dust regime. For the threshold n = 2 case long
wavelength tachyon fluctuations are constant in time.
In the dust regime metric perturbations remain
constant on large scales. In fact, even the Newtonian
potential Φ , which satisfy:
(33)ζ = 2
3
Φ˙/H +Φ
1+wT +Φ
remains constant on long-wavelength scales, satisfy-
ing the usual relation Φ  3/5ζ of matter-dominated
era. However, long-wavelength field fluctuations build
up in time as:
(34)δϕ ∼ tn−1 → δϕ/ϕ ∼ tn−2
leading to a nonlinear stage for the tachyon field.
Metric fluctuations are however kept constant by a
compensating term. These considerations hold when
the tachyon behaves as dust, irrespective of the form of
the potential. At the level of linear perturbation theory
the metric fluctuations stay constant even as the field
fluctuations grow on large scales: it has been argued
that also metric fluctuations at large scales will grow
at the nonlinear level [9].
We would also like to emphasize that the effective
mass for tachyon fluctuations in Eq. (26) is really dif-
ferent from the scale of inflation. This is attractive if
one thinks at the criticism about the flatness of the po-
tential [15]. In the spirit of k-inflation [14], the pre-
diction about the ratio of scalar to tensor perturbations
will be different from the one of canonical scalar field
models. So, in principle inflation with the tachyon can
be distinguished from canonical scalar field inflation.
5. Tachyon and perfect fluid dynamics
We now study the evolution of the tachyon fluid
in the background of a perfect fluid characterized byenergy density ρF and constant equation of state wF .
The Hubble law is therefore:
(35)H 2 = 1
3M2Pl
[
V (ϕ)√
1− ϕ˙2/M4 + ρF
]
.
The equation of motion for the tachyon (4) can be
satisfied for ϕ˙ = const. This corresponds to a perfect
fluid-like evolution for the tachyon energy density.
The particular case ϕ˙ ∼ M2 (wT ∼ 0) is interesting
for the tachyon as a candidate for CDM. However,
other fluid-like attractors exist for the tachyon with a
negative power-law potential (13) in the presence of
another dominating fluid if 0 < n< 2.
If the tachyon component is subdominant with
respect to the background fluid, Eq. (35) means that:
(36)H  2
3(1+wF)t .
With the potential (13) a solution for the homogeneous
tachyon field in which its amplitude grows linearly in
time is possible:
(37)ϕ At with A=M2
√
n
1+wF
2
,
where we have neglected the initial value ϕ0 for
the tachyon and a negative sign for the tachyon
velocity (a tachyon climbing up its effective potential).
Neglecting the initial value translates in an inequality
for the growing tachyon:
(38)ϕ0H0 M2
√
2n
9(1+wF ),
where the subscript 0 denotes some primordial time.
Small deviations δyA(t) around the tracking solu-
tion (37) satisfy the following equation:
δy¨A +
(
2
1+wF − n
)
δy˙A
t
(39)+
(
2
1+wF − n
)
δyA
t2
= 0.
The solutions are of power-law type, i.e., δyA ∼ tγA ,
with:
(40)γA = 12 (1+ λ)±
1
2
√
(1+ λ)2 + 4λ,
where λ = n − 2/(1 + wF ). This shows that the
tracking solutions (37) are stable for λ < 0, i.e., n <
2/(1+wF ).
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equation of state:
(41)wT =−1+ A
2
M4
=−1+ n1+wF
2
.
However, these solutions can only exist if they respect
the condition that the tachyon equation of state is
nonpositive. This means that, for instance, the fluid-
like solution is only valid in the range 0 < n < 3/2 if
the background is radiation (wF = 1/3).3
For the range 2/(1 + wF ) < n < 2 the attractor
saturates the dust limit, i.e., wT → 0−. The solution
of Eq. (4) in that case is given by:
(42)ϕ =M2t − /t1−2(n−2/(1+wF )),
where / is an arbitrary constant that depends on the
initial conditions. The correction term decays in time
compared to the leading term if n > 2/(1 + wF ),
showing that dust is indeed an attractor for this range
of parameters.
A curious property of tachyons as candidates for
dark energy is that when they are in a background
which is dominated by a fluid with equation of state
wF , their energy density behaves either as ρT ∝ a−3
when n > 2/(1 + wF ), or as ρT ∝ t−n if 0 < n <
2/(1+wF ). But on the other hand, when the tachyon
starts to dominate, it will behave as dust if n > 2 or
it will drive quasi-de Sitter acceleration if 0 < n < 2.
Therefore, if 2/(1 + wF ) < n < 2, a change in the
equation of state of the background (as, for example,
the change from radiation- to matter-domination) will
trigger a transmutation in the tachyon, causing it to
leave the dust attractor and start to accelerate the
expansion rate (a similar behavior was found in the
“k-essence” model [17]).
6. Conclusions
We have analyzed the cosmological dynamics of a
Born–Infeld scalar field (also know as the tachyon)
with an inverse power-law potential. We found that
the tachyon has a very simple behavior: if the tachyon
3 In [16] it was argued 0 < n < 2 for the general case in which
the Lagrangian is separable: L = p(ϕ,X) = V (φ)W(X), where
X = ∂µϕ∂µϕ. We obtain a different value because we do not
assume wF = 0 (dust) for the tracking.dominates the background dynamics, then it will either
go into a dust-dominated phase (n > 2), power-law
expansion with a constant wT < 0 for n= 2, or quasi-
de Sitter accelerated expansion for 0 < n < 2. While
during a dust stage tachyon fluctuations are driven
to a nonlinear stage, the linear evolution of tachyon
fluctuations is valid in the other cases.
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